The present paper proposes a generalisation of the notion of disjunctive (or rich) sequence, that is, of an infinite sequence of letters having each finite sequence as a subword. Our aim is to give a reasonable notion of disjunctiveness relative to a given set of sequences F . We show that a definition like "every subword which occurs at infinitely many different positions in sequences in F has to occur infinitely often in the sequence" fulfils properties similar to the original unrelativised notion of disjunctiveness. Finally, we investigate our concept of generalised disjunctiveness in spaces of Cantor expansions of reals.
Introduction
A semi-infinite sequence is called disjunctive (or rich) if it has all finite words as subwords (infixes) (cf. [11, 12] ). This condition is, obviously, equivalent to having every finite word infinitely often as infix.
The real number associated to a disjunctive sequence ξ over {0, . . . , r−1} is 0.ξ. It is interesting to note that in contrast to properties like randomness (cf. [3, 10, 2, 23] ) or Kolmogorov complexity (cf. [1, 23] ) disjunctiveness is not invariant under base conversion, more precisely speaking, if ξ ∈ {0, . . . , r − 1} ω and η ∈ {0, . . . , b − 1} ω satisfy 0.ξ = 0.η (as reals), then ξ might be disjunctive whereas η need not be so. For a more detailed treatment see [9] . Along with the usual base r expansions of real numbers one can also consider so-called Cantor expansions. In general, a Cantor expansion of a real is defined as follows (cf. [6, 8] ): Let f (1), f (2) , . . . , f(n), . . . be a fixed infinite sequence of positive integers greater than 1 and 0 ≤ x n < f(n), for every n ≥ 1. The real number
. . as (one of) its Cantor expansion(s).
It is easy to see that the set of subwords occurring in a sequence ξ ∈ X (f ) , where
depends on the function f : N −→ N. Thus we need a definition of disjunctiveness for Cantor expansions. In this paper we propose a possible modification of the notion of disjunctive sequence in the following way 1) : A sequence ξ ∈ F ⊆ N ω is F -disjunctive if every infix which occurs at infinitely many different positions in sequences η ∈ F occurs infinitely often in ξ. This proposal has some similarity with fairness concepts in which a process is called strongly fair when an action enabled infinitely often is carried out infinitely often (see e.g. [7, 24] ). Here, of course, the phrase "which may occur infinitely often in some sequence" needs further specification.
Preliminaries

Notation
By N = {0, 1, 2, . . . } we denote the set of natural numbers. In order to treat arbitrary finite alphabets we let X r := {0, . . . , r − 1} be an alphabet of cardinality |X r | = r, r ∈ N, r ≥ 2. In this paper we will use finite alphabets (X r ) and N as a countably infinite alphabet. In both cases we shall simply write X.
By X * we denote the set of finite strings (words) on X, including the empty word e. We consider also the space X ω of infinite sequences (ω-words) over X. For w ∈ X * and η ∈ X * ∪ X ω let w·η be their concatenation. This concatenation product extends in an obvious way to subsets W ⊆ X * and
is a family of subsets of X * , then the infinite product
If W i = W for all i we will briefly write W ω instead of ∞ i=1 W . By " " we denote the prefix relation, that is, w η if there is an η such that w · η = η, and pref (η) := {w ∈ X * : w η} and pref (B) := η∈B pref (η)
are the languages of finite prefixes of η and B, respectively. The set of subwords (infixes) of η ∈ X * ∪ X ω will be denoted by infix(η) := {w ∈ X * : ∃v (vw η)} and infix(B) := η∈B infix(η).
In the sequel, we will be mainly interested in sets of the form
For the constant function f (x) = r we get the case X (f ) = X ω r . We introduce a metric in X (f ) as follows:
.
Theorem 2.1 The metric space
It is easily verified that f is indeed a metric which, in addition, satisfies the ultra-metric inequality:
Open balls (in view of (3) they are simultaneously closed) in the space (X (f ) , f ) are the sets of the form
It should be mentioned that, due to the special choice of the metric f (see (2) ), the following additivity property for balls is satisfied:
Measure
Using (4) we introduce a measure µ on X (f ) defined on balls as
and then extended in the usual way to subsets of X (f ) (cf. [16] ). This measure has the property that µ(F ) equals the usual Lebesgue measure of the set
2) There are other possibilities to structure X (f ) as a compact metric space. Here we want to stress the similarity between (X (f ) , f ) and the Cantor expansions of real numbers, so we require the property of equation (4) which is implicit in our definition of f .
Density and Baire category
Next we introduce the topological concepts of density and Baire category for our complete metric space (X (f ) , f ) (see e.g. [13, 16] 
A set F is of first Baire category (or meagre) if it is a countable union of nowhere dense sets; otherwise it is of second Baire category. The complements of sets of first Baire category are called residual.
Porosity
A further topic related to density is porosity, considered e. g. in [25, Section 2.C] or [17] . This concept, however, does rely on the particular metric chosen for the space. We explain it for the space (
The porosity of E at the point ξ is:
. It is obvious that every porous set is nowhere dense, but the converse need not be true. It should be noted, however, that in (X ω r , ) every nowhere dense set definable by a finite automaton is porous (see [18, 21, 22] ).
The following connection between porosity and measure in X (f ) is immediate by the Lebesgue density theo-
Disjunctive sequences in X ω r
Finally, we list some properties of the set of disjunctive sequences D r ⊆ X ω r known from [4, 22] : 
Generalised disjunctiveness
In this section we make precise the fact, stated informally, that an ω-word ξ ∈ F should be called disjunctive if every word w ∈ N * which can appear at infinitely many different positions in sequences in F has to appear infinitely often as an infix of ξ.
To this end we observe that a necessary condition for a word w to appear infinitely often as an infix in F is the following one. Let Infix ∞ (F ) := {w :
For general subsets of N ω or X (f ) this condition is complicated. To simplify it we introduce the following notion which, when satisfied for Infix ∞ (F ), will alleviate the investigation of disjunctive sequences. A set W ⊆ N * is referred to as left prolongable if for every w ∈ W there is an x ∈ N such that x · w ∈ W .
3) In what follows we shall write Infix∞(ξ) as a shorthand for Infix∞({ξ}).
Proposition 3.1 Let Infix
, which contradicts the choice of u.
The following example shows that prolongability is essential.
As a corollary to Proposition 3.1 we obtain properties of the set of all F -disjunctive ω-words similar to those in Theorem 2. 3 (for D r ) .
Disjunctiveness in ultimately connected sets
Here we consider the case of a subset F of a Cantor space X ω r having the following property:
These sets, called ultimately connected, can be characterised by the so-called stabiliser of F ⊆ X ω r , Stab(F ) (cf. [14, 15, 19, 20] ): 
Here, as usual, we denote the subsemigroup of X r generated by W , that is 
We conclude the part on ultimately connected ω-languages by mentioning some results from [20] similar to Theorem 2.3.4 concerning ω-languages definable by a finite automaton which are nowhere dense in F . To this end we mention that a set E ⊆ X ω r is nowhere dense in F ⊆ X ω r iff for all u ∈ pref (F ) there exists v ∈ X * r such that u · v ∈ pref (F ) \ pref (E). 
Lemma 4.4 If F ⊆ X ω r is ultimately connected and E is definable by a finite automaton, then we have: 1. E is nowhere dense in F iff there is a w
∈ Stab(F ) such that E ∩ C(F ) ⊆ C(F ) \ Stab(F ) * · w · X ω r ,
and 2. E ⊆ C(F ) is nowhere dense in F iff there is aw
∈ Stab(F ) such that E ⊆ C(F ) \ X * r ·w · X
Disjunctiveness in (X
In this section we derive some simple properties of the set Infix ∞ (X (f ) ). From these properties we derive that Infix ∞ (X (f ) ) is both left and right prolongable, whence similar properties as those described in Theorem 2.3 and Corollaries 3.3 and 3.4 hold for the set of all disjunctive ω-words in X (f ) , D f , independently of the choice of f .
General properties
We start with a few simple properties.
P r o o f. 1. The direction from right to left is trivial. Let a ∈ {0, 1} be a letter different from the last letter of w.
, and, since a is not the last letter of w, w ∈ infix(u) follows.
The other properties are readily seen.
As an immediate consequence of Proposition 5.1.3 we obtain the announced property.
Corollary 5.2 The set Infix ∞ (X (f ) ) is left and right prolongable, for every function
The following example shows that Infix ∞ (X (f ) ) may indeed not be larger than indicated by Lemma 5.3 and Proposition 5.1.3.
Example 5.4 For the function
The contrary might be also true.
Computability
If one considers computable functions f : N −→ N \ {0, 1}, then one obtains some computability constraints on Infix ∞ (X (f ) ). Using the Tarski-Kuratowski algorithm one can easily deduce an upper bound for the complexity of Infix ∞ (X (f ) ) in the arithmetical hierarchy.
Lemma 5.6 If f is a computable function, then Infix
The following example shows that we cannot do better even if the function f is bounded. For the case
Let R be ordered in some computable way, i. e. R = g(N) for some injective computable function. Then
6 Topological and metric properties of
In this section we investigate some topological properties of the set of disjunctive sequences in X (f ) . First we investigate the relationship to density and measure.
Density
We start with a simple proposition which holds for all functions f : N −→ N \ {0, 1}.
In contrast to Theorem 2.3.6 the measure property does not hold in general. Example 6.2 Let µ be the measure on X (f ) introduced in Section 2.2. We consider the following function f (i) := (i + 1)
2 and the set F :
Porosity in X (f )
From [25 ,17] (see also Lemma 2.2) it is known that any porous set F ⊆ X (f ) is nowhere dense and has measure µ(F ) = 0. As we have seen in the preceding section the complement of the set of disjunctive sequences in X (f ) may have positive measure. In this section we investigate how this behaviour depends on the function f .
A first result and a comparison with Theorem 2.3 show that the case of bounded functions is similar to the case of constant alphabets (see also [5] ).
Then there are infinitely many n ∈ N such that 0 n · w ∈ pref (X (f ) ). According to Proposition 5.1.2, for every ξ ∈ X (f ) and every prefix u n < ξ of length |u n | = n we have
The case when f is unbounded needs a special treatment. A first result concerns functions f : N −→ N tending to infinity. Theorem 6.4 Let f : N −→ N \ {0, 1}. Then the following properties are equivalent.
P r o o f. The equivalence of the first and second conditions follows from the fact that
The other equivalence is a consequence of the inequality
whenever u · w ∈ pref (X (f ) ) and w = e.
For unbounded functions f : N −→ N we introduce the following characteristic number
For technical reasons, we denote byû
but disjoint from E. This condition is equivalent to the fact thatû is a shortest word having u as prefix and satisfyingû / ∈ pref (E). Then the following holds true.
We obtain the following sufficient condition for the non-porosity of sets
, it suffices to prove that the latter set is not porous, that is,
and |u| ≥ k , then every shortest wordû ∈ pref (X (f ) ) with u û and u ∈ N * · i has to satisfy f (|û|) ≥ i > k f . Thus f (|û|) > k and according to (8) ,
The particular case, when k f = −1, that is, when f tends to infinity was treated in Theorem 6.4.
Summarising Lemma 6.3 and Theorems 6.4 and 6.5 we obtain the following exhaustive connection between the porosity of sets of the form X (f ) \ N * · w · N ω and the behaviour of the function f in case when k f < ∞.
Then the following conditions hold:
f tends to infinity iff none of the sets
3. f is unbounded and lim inf i→∞ f (i) < ∞ iff some of the sets X (f ) \ N * · w · N ω are porous and some are not.
In the remaining case when k f = ∞ (here f is necessarily unbounded and lim inf i→∞ f (i) < ∞) we may have both possibilities not excluded by Theorem 6.4.
First we give an example showing that every set of the form X (f ) \ N * · w · N ω , where w = e, is porous.
Example 6.7 Let f (n) := 2 + (n − √ n 2 ). It is well known that f (r 2 + l) = 2 + l whenever l ≤ 2r. Thus f −1 (k) is infinite for every k ∈ N \ {0, 1}. Consider w ∈ N * . Then w ∈ X * r , for an appropriate r ∈ N. Choose u ∈ pref (X (f ) ) with |u| = s 2 + r, where s ≥ r + |w|. Then f (s 2 + r + i) = 2 + r + i ≥ r, for 0 ≤ i ≤ |w|. Consequently, u · w ∈ pref (X (f ) ) and we have the inequalities
This proves that for w ∈ X * r , the porosity of X (f ) \ N * · w · N ω is at least |w| i=1 (r + i + 2) −1 > 0.
The final example covers the case when not all sets of the form X (f ) \ N * · w · N ω with w = e are porous. Similarly to the previous example, for every k ∈ N \ {0, 1} the set f −1 (k) is infinite, but for every number n with n ≡ ±1 (mod 5) we have f (n) = 2. Consider the word 22. If u · 22 ∈ pref (X (f ) ), then necessarily |u| = 5 · l + 1, for some l ∈ N, and, by construction, 0 5·l+1 · 22 ∈ pref (X (f ) ), for all l ∈ N. Thus 22 ∈ Infix ∞ (X (f ) ) and if u · 22 ∈ pref (X (f ) ) we have
This shows that the set X (f ) \ N * · 22 · N ω is not porous in (X (f ) , f ).
